A teleparallel model for the neutrino 
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The main result of the paper is a new representation for the Weyl Lagrangian (massless Dirac 
Lagrangian). As the dynamical variable we use the coframe, i.e. an orthonormal tetrad of covector 
fields. We write down a simple Lagrangian - wedge product of axial torsion with a lightlike element 
of the coframe - and show that variation of the resulting action with respect to the coframe produces 
the Weyl equation. The advantage of our approach is that it does not require the use of spinors, 
Pauli matrices or covariant differentiation. The only geometric concepts we use are those of a metric, 
differential form, wedge product and exterior derivative. Our result assigns a variational meaning 
to the tetrad representation of the Weyl equation suggested by J.B. Griffiths and R.A. Newing. 
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MAIN RESULT 

Throughout this paper we work on a 4-nianifold M 
equipped with prescribed Lorentzian metric g. In the 
following two subsections we describe two different mod- 
els for the neutrino. 



every point of the manifold M the choice of coframe is 
not unique: there are 6 real degrees of freedom in choos- 
ing the coframe and any pair of coframes is related by a 
Lorentz transformation. 

We define an affine connection and corresponding co- 
variant derivative IVI from the conditions 
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Traditional model 

The accepted mathematical model for a neutrino field 
is the following linear partial differential equation on M 
know as the Weyl equation: 

^'^"ahi^UC = 0. (1) 

The corresponding Lagrangian is 

LwoyiiO :- ^(^'V",aV}„r - eV\aV}„^"^) * I. (2) 

Here a", a = 0, 1,2,3, are Pauli matrices, ^ is the un- 
known spinor field, and {V} is the covariant derivative 
with respect to the Levi-Civita connection: {Vja^" :— 
5ae + j'J0''Hdo.<y^'bi + {^}'^»ja^bc)^'' where {r}^„^ are 
Christoffel symbols uniquely determined by the metric. 



Teleparallel model 

The purpose of our paper is to give an alternative rep- 
resentation for the Weyl equation ^ and the Weyl La- 
grangian |(2Jl. To this end, we follow [1| in introducing 
instead of the spinor field a different unknown - the so- 
called coframe. A coframe is a quartet of real covector 
fields t?-', j = 0, 1, 2, 3, satisfying the constraint 



g = Ojk -0'^ ® '&'' 



(3) 



where Ojk — o^^ '■— diag(l, —1, —1, —1). In other words, 
the coframe is a field of orthonormal bases with orthonor- 
mality understood in the Lorentzian sense. Of course, at 



Let us emphasize that we follow |^ yj, jj, |5| in employ- 
ing holonomic coordinates, so in explicit form conditions 
Q read da'&i — \Tp ap'dif = giving a system of lin- 
ear algebraic equations for the unknown connection co- 
efficients |r|'^^i,. The connection defined by the system 
of equations Q is called the teleparallel or Weitzenbock 
connection. 

Let / be a nonvanishing real lightlike teleparallel cov- 
ector field {I ■ I ^ Q, \W\l = 0). Such a covector field can 
be written down explicitly as I = Ij-d^ where Ij are real 
constants (components of the covector / in the basis d^ ) , 
not all zero, satisfying 



o'^ljlk = 0. 
We define our Lagrangian as 

L{^^,lj):^kojkd' A-d^ Add'' 



(5) 



(6) 



where d stands for the exterior derivative. Note that 
I Ojk '&■' A d'd'' is the axial (totally antisymmetric) piece 
of torsion of the teleparallel connection. (The irreducible 
decomposition of torsion is described in Appendix B.2 
of ;0j). Let us emphasize that formula © does not ex- 
plicitly involve connections or covariant derivatives. 

The Lagrangian ((^Jl is a rank 4 covariant antisymmet- 
ric tensor so it can be viewed as a 4-form and integrated 
over the manifold M to give an invariantly defined action 
S{'d^,lj) := J L{{}^,lj). Independent variation with re- 
spect to the coframe d^ and parameters Ij subject to the 
constraints (jSJ and © produces a pair of Euler-Lagrange 



equations which we write symbohcally as 



NOTATION 



dS{'d^,lj)ldd^ = 0, 
dS{d\lj)/dlj = 0. 



(7) 
(8) 



Observe now that the Lagrangian © and constraints 
(|5|). (O are invariant under rigid (i.e. with constant co- 
efficients) Lorentz transformations 



id' , Ij) ^ {A^k^" , (A-i)^/fc) 



(9) 



where OjkA^pA q 



■Jpq 



and {A-^YjA^k = S'k- This 
means that any variation of the parameters Ij can be 
compensated by a rigid variation of the coframe i^-'. 
Hence, the field equation is a consequence of the field 
equation . So further on we assume the parameters Ij 
to be fixed and study the field equation |7J only. 



Our notation follows [^|3|,y,|5{. In particular, in line 
with the traditions of particle physics, we use Greek let- 
ters to denote tensor (holonomic) indices. Details of our 
spinor notation are given in Appendix A of ^5] ■ 

All our constructions are local. In particular, we re- 
strict changes of local coordinates on M to those preserv- 
ing orientation. This restriction enables us to define the 
Hodge star * in the usual way. 

We define the forward light cone as the span of 
CT^^j^C"?, C 7^ 0. We also define 



CTaPac ■= (1/2)(ct^^j 



hd. 



^fScd 



'^flab^^'^'^acd) 



These "second order" Pauli matrices are polarized, i.e. 
*cr = ±i(T depending on the choice of "basic" Pauli ma- 
trices (T^^j, . We assume that *u = +ia. 



Equivalence of the two models 

Let us define the spinor field ^ as the solution of the 
system of equations 





|V|^ = 


= 0, 
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where |V|a^° 

and the sign is chosen so that the RHS lies on the for- 
ward light cone. The system (jlOII . (|ll|l determines the 
spinor field S, uniquely up to a complex constant factor 
of modulus 1. This non- uniqueness is acceptable because 
we will be substituting ^ into the Weyl equation Q and 
Weyl Lagrangian ^ which are both U(l)-invariant. We 
will call ^ the spinor field associated with the coframe "d^ . 
The main result of our paper is the following 



Theorem 1 For any coframe ^^ we have 

L(^-'',;,) = ±4Lwcyi(0 



(12) 



where ^ is the associated spinor field. The coframe sat- 
isfies the field equation ^ if and only if the associated 
spinor field satisfies the Weyl equation fj)) . 

The sign in Eq. (|12|l depends on the sign of the pa- 
rameter Iq, on whether the covector I — Ij-d^ lies on the 
forward or backward light cone, and on the orientation 
of the coframe (eight different combinations). 

The proof of Theorem ^ is given below. The cru- 
cial point is explained in the section on i?^-invariance, 
whereas technicalities are handled in a separate section. 
In the final section we discuss Theorem ^ within the con- 
text of know results from the theory of teleparallelism. 



EXCLUDING PARAMETER-DEPENDENCE 

We can always perform a restricted rigid Lorentz trans- 
formation which turns an arbitrary set of parameters 
Ij into Ij = (±1,0, 0,±1). Our model is invariant under 
such transformations so it is sufficient to prove Theo- 
rem^for this particular choice of parameters. Moreover, 
by changing, if necessary, the sign of L[-d^ ,lj) we can 
always achieve 



Z, = (1,0,0,1). 



(13) 



Further on we assume the special choice of parame- 
ters (|13ll in which case our Lagrangian © takes the form 



(z9° A dd° ~d^ ^ d§^ -i}^ A dd^ 



d^ Add^). (14) 



B^-INVARIANCE 

The crucial step in the proof of Theorem^is the obser- 
vation that our model is invariant under a certain class of 
local (i.e. with variable coefficients) Lorentz transforma- 
tions of the coframe. In order to describe these transfor- 
mations it is convenient to switch from the real coframe 
(i?°, d^ , d"^ ,-d^) to the complex coframe (/, m, m, n) where 



Z:=i9° + i93 m-.^-d^+iif 



^0 _^3 



(here the definition of I is in agreement with Eq. (|13l) '). In 
this new notation the Lagrangian H14|l and constraint ^ 
take the form 

L{-d^ ,lj) = (1/2) lA{nAdl - m A dm - m A dm) , (15) 
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\n + fffi + fm+\f\^lj 



g = {l/2){l ®n + n®l — m®m — m® m). (16) 
Let us perform the linear transformation of the coframe 



(17) 



where / : Af ^ C is an arbitrary scalar function. It is 
easy to see that both the Lagrangian l|15|l and the con- 
straint (|l(j|l are invariant under the transformation (|17|l . 
hence the field equation Q is also invariant. 

Invariance of the field equation means that so- 
lutions come in equivalence classes: two coframes are 
said to be equivalent if there exists a scalar function 
f : M ^ C such that the transformation (|17|l maps one 
coframe into the other. In order to understand the group- 
theoretic nature of these equivalence classes we note that 
at every point of the manifold M transformations H17|) 
form a subgroup of the restricted Lorentz group. More- 
over, this is a very special subgroup: it is the unique non- 
trivial abelian subgroup of the restricted Lorentz group. 
Here "unique" is understood as "unique up to conjuga- 
tion", whereas the meaning of "nontrivial abelian sub- 
group" is explained in Appendix C of [J|. In SL(2,C) 
notation the subgroup H17() is written, up to conjugation, 

1 ./ 

1 

is taken from subsection 10.122 of |^. It is known that 
B'^ is the subgroup of the restricted Lorentz group pre- 
serving a given nonzero spinor. Our equivalence classes 
of coframes can be identified with cosets of B^, hence 
they are equivalent to spinors. 



as B^ 



/ G C > where the notation B^ 



Remark 1 The rigorous statement is that a coset of the 
subgroup B^ is equivalent to a spinor up to choice of sign, 
i.e. spinors C and — ^ correspond to the same coset. This 
non-uniqueness is acceptable because it is known (see, for 
example, section 19 in '8] or section 3-5 in \^) that the 
sign of a spinor does not have a physical meaning. 

Remark 2 Our construction does not allow us to deal 
with the zero spinor. 



TECHNICALITIES 

Arguments presented in the previous section show that 
even though our field equation (jT)) has no spinors appear- 
ing in it explicitly, it is, in fact, a first order differential 
equation for an unknown spinor field. From this point 
it is practically inevitable that equation Q is, up to a 
change of variable, Weyl's equation (Q. 



The actual proof of Theorem^is carried out by means 
of a straightforward (but lengthy) calculation. The cal- 
culation goes as follows. 

The set of coframes has four connected components 
corresponding to two different orientations, *(^ A m) — 
±i{lAm), and to I lying on the forward or backward light 
cone. We assume for definiteness that we are working 
with coframes satisfying *{l A m) — -\-i{l t\ m) and with I 
lying on the forward light cone. 

It is easy to see that our transformation H17|l preserves 
the tensor I A m. Moreover, each equivalence class of 
coframes is completely determined by this tensor. There- 
fore, it is convenient to identify each equivalence class 
with a spinor field C in accordance with the formula 



(/ A m)^^ = (Ja/SabCC''- 



(18) 



The fact that a decomposable polarized antisymmetric 
tensor is equivalent to the square of a spinor is a standard 
one and was extensively used in [^ y, |j, y] . 

Resolving Eq. H18(l for the coframe {I, m, m, n}, we get 
the following formulas: I is given by 



n is an arbitrary real (co)vector field satisfying 

n ■ n = 0, I ■ n ^ 2, 

and m is given by 

mp = il/2)a^pabn"CC''- 
Formula 11511 implies 



(19) 
(20) 
(21) 



*L{d^,lj) = {l/2)^\detg\e^i3^s 

rin^^iS/yi^ - m'^jVPrn^ - m''{V}^m'^) (22) 

where e is the Levi-Civita symbol, £0123 '■— +1. Here 
{V} stands for the Levi-Civita covariant derivative which 
should not be confused with the teleparallel covariant 
derivative |V|. Substituting formulas l(T^ and (|^ into 
formula (|22|l and using algebraic properties of Pauli ma- 
trices as well as conditions H20|l . we arrive at 

*L{d^,l,) = ~2z{C'a\f^{V}^C-C<j\d^Uh- (23) 

Formulas H23I) . IjlSI) show that our Lagrangian H15|l is 
a function oi I A m rather than of I and m separately. 
This is, of course, a consequence of the i?^-invariance 
described in the previous section. 

Applying the Hodge star to Eq. 123|) and comparing 
with Eq. (0), we get 

Li^^,lj) ^ALwcyiiC). (24) 

We have |V|(Z A m) =0, so formula (jl8|l implies 

|V|C = 0. (25) 



Comparing Eqs. ifTUI) . ifTT)) with Eqs. if^ . ifT^ we con- 
clude that the spinor fields ^ and C coincide up to a com- 
plex constant factor of modulus 1. The Weyl Lagrangian 
is U(l)-invariant, so in Eq. (|24ll we can replace ( by £,, 
arriving at Eq. (|12l) . 

As we have established the identity (|24|1 and as each 
equivalence class of coframes is equivalent to a spinor 
field C, our field equation (0) is equivalent to 



«^"ai,{V}oC" = 0. 



(26) 



The Weyl equation is U(l)-invariant, so in Eq. H26|l we 
can replace C by ^, arriving at Eq. |^. This completes 
the proof of Theorem ^ 

The detailed calculation leading to Eq. H23|l will be 
presented in a separate paper. 



DISCUSSION 



involve a covariantly constant covector field: in our model 
it is the lightlike covector field I which is covariantly con- 
stant with respect to the teleparallel connection, whereas 
in CaroU-Field-Jackiw electrodynamics it is a timelike 
covector field which is covariantly constant with respect 
to the Levi-Civita connection. 

Our model also exhibits strong similarities with the 
"bumblebee model" discussed by V.A. Kostelecky [ijj: 
our teleparallel lightlike covector field I plays a role sim- 
ilar to that of the "bumblebee field" . Of course, in our 
case this covector field has a simple physical interpreta- 
tion: according to Eq. Ijlll) it is the neutrino current. 

The fact that the Weyl equation can be rewritten 
in tetrad form is not in itself new: this was done by 
J.B. Griffiths and R.A. Newing [l|. Our new result is the 
tetrad representation Q for the Weyl Lagrangian. 

The author is grateful to F.W. Hehl, Y. Itin and 
J.B. Griffiths for stimulating discussions. 



The subject of teleparallelism has a long history dating 
back to the 1920s. Its origins lie in the pioneering works 
of E. Cartan, A. Einstein and R. Weitzenbock. Modern 
reviews of the physics of teleparallelism are given in [ifll, 
llll I12I Il3| . Note that Einstein's original papers on the 
subject are now available in English translation |l4| . 

However, the construction presented in our paper dif- 
fers from the traditional one. The crucial difference 
is our choice of Lagrangian © which is parameter- 
dependent and linear in torsion. The vast majority 
of publications on the subject deal with parameter- 
independent Lagrangians quadratic in torsion. One par- 
ticular parameter-independent quadratic Lagrangian has 
received special attention as it leads to a teleparallel the- 
ory of gravity equivalent (in terms of the resulting met- 
ric) to general relativity; the explicit formula for this La- 
grangian can be found, for example, in ld ll2lll,l . lL'Tlllfil |. 

Another difference is that in teleparallelism it is tradi- 
tional to vary the coframe without any constraints. This 
is because teleparallelism is usually viewed as a frame- 
work for alternative theories of gravity and in this setting 
the metric (jSl has to be treated as an unknown. We, on 
the other hand, vary the coframe subject to the metric 
constraint (0) . This is because we view teleparallelism as 
a framework for the reinterpretation of quantum electro- 
dynamics and in this setting the metric plays the role of 
a given background. 

The question of whether spin can be incorporated into 
the teleparallel theory of gravity has long been the sub- 
ject of debate am ong spe cialists. The latest contributions 
can be found in [ly, |l^ with further references therein. 
As we do not vary the metric our result is not directly 
related to this debate but it might motivate a fresh re- 
examination of the question. 

It is interesting that our model exhibits similarities 
with CaroU-Field-Jackiw electrodynamics ilH.lSj . Both 
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